Abstract This paper proves that any simply connected closed three dimensional stellar manifold is stellar equivalent to the three dimensional sphere.
Introduction
The proof of the Poincaré conjecture is the prime motivation of the research presented in this paper. Henri Poincaré stated his conjecture in 1904 [11] .
Every simply connected closed 3-manifold is homeomorphic to the 3-sphere.
Analogues of this hypothesis were successfully proved in dimensions higher than 3, see [2] , [5] , [12] , [14] , [15] . In this paper we prove that a simply connected closed 3-dimensional stellar manifold is stellar equivalent to ∂(1 2 3 4 5). Since every 3-dimensional manifold can be triangulated and any two stellar equivalent manifolds are piecewise linearly homeomorphic ([4] , [9] , [10] ), our result does imply the famous Poincaré conjecture.
The proof presented in this paper is performed in the framework of the stellar manifold theory [3] , [4] .
Stellar manifold theory 2.1 Preliminaries
We start with the definition of an abstract simplex with n vertices.
Definition 1 Let n be a natural number. The set of natural numbers
(j 1 j 2 . . . j n+1 ) such that j 1 < j 2 < . . . < j n+1 together with all its subsets is called an n-dimensional simplex.
(j 1 j 2 . . . j n+1 ) denotes the corresponding simplex. The 0-dimensional simplexes (j 1 ), (j 2 ), . . . , (j n+1 ) are vertices of the simplex. This paper is a study of complexes built out of simplexes.
Definition 2 A complex K is a finite family of simplexes. A simplex of K which is not a subset of another simplex in K is called a generator of K. If all generators of a complex L are simplexes of K, then L is called a subcomplex of K. The dimension of K is the largest dimension of its generators.
Following the standard technique of algebraic topology we define an Abelian group composed by all the simplexes of a complex K taken with coefficients from Z 2 . The elements of this group are of the form (i 1 i 2 . . . i m ) + (j 1 j 2 . . . j n ) + . . . + (g 1 g 2 . . . g k ),
where (i 1 i 2 . . . i m ), (j 1 j 2 . . . j n ), . . . , (g 1 g 2 . . . g k ) are simplexes of the complex K. Throughout the paper a complex is identified with the sum of its generators. An empty complex, that is the complex without vertices, is denoted by 0. Then K + 0 = K for any complex K.
There are several important operations on complexes that deserve our attention. Consider first the boundary operator ∂ defined on a simplex (j 1 j 2 . . . j n ) as ∂(j 1 j 2 . . . j n ) = (j 1 j 2 . . . j n−1 ) + (j 1 j 2 . . . j n−2 j n ) + . . . + (j 2 j 3 . . . j n ) For a 0-dimensional simplex (j), ∂(j) = 0. The boundary operator ∂ is linearly extended to a sum of simplexes;
The boundary ∂K is correctly defined for a complex K. A connected component of a complex K is a connected subcomplex of K which is not a subcomplex of any other connected subcomplex in K. If two simplexes (i 1 i 2 . . . i m ) and (j 1 j 2 . . . j n ) do not have common vertices then one can define their join
where the integers are rearranged in increasing order. The join of two complexes K and L without common vertices is defined as
where {g i } and {p j } are generators of K and L, respectively. If A is a simplex in a complex K then its link, denoted lk(A, K), is defined by
The star of A in K is A ⋆ lk(A, K). Thus,
where the complex Q(A,K) is composed of all the generators of K that do not contain A.
Definition 5 (Subdivision) Let
A be a simplex of a complex K. Then any integer a which is not a vertex of K defines starring of
This is denoted asK
The next operation is called a stellar weld and defined as follows.
Definition 6 (Weld) Consider a complex
with lk(a,K) = ∂A ⋆ B where B is a subcomplex inK, A is a simplex and A / ∈ K. Then the (stellar) weld (A, a) −1K is defined as
A stellar move is one of the following operations: subdivision, weld, enumeration change on the set of vertices.
Two complexes are called stellar equivalent if one is obtained from the other by a finite sequence of stellar moves.
A complex K with n vertices can be presented by grouping its generators with respect to their dimensions.
where dim(α) denotes the dimension of the generator α.
is called a uniform complex of dimension i.
Definition 7 (Uniform complex) A complex with generators of the same dimension is called a uniform complex.
Since any complex K is a finite sum of uniform complexes, the scope of our study is reduced to the analysis of uniform complexes.
Homology groups
Given a complex K Com r (K) denotes the set of all uniform r-dimensional subcomplexes of K. Linear combinations of r-dimensional simplexes from Com r (K) with coefficients from Z 2 form an Abelian group. The boundary operator ∂ is a homomorphism ∂ :
Introduce the notations
and Im r ∂ (K) = {ξ ∈ Com r (K) : ∃γ ∈ Com r+1 (K) and ξ = ∂γ}. Since ∂∂ξ = 0 for any complex ξ we have
The quotient group Ker Consider the n-dimensional (combinatorial) ball B n = (1 2 . . . n + 1). Its boundary
is called the (n−1)-dimensional (combinatorial) sphere S n−1 . It is also addressed in the sequel as the (n − 1)-sphere.
Proof. For any vertex (j) of B n such that j = 1 we have (j) = (1) + ∂(1 j).
contains only one simplex B n and ∂B n = 0. Therefore H n (B n ) = 0. In order to prove that H m (B n ) = 0 for 0 < m < n we need to show that
It can be established by mathematical induction with respect to n. (2) 
where
By the assumption of mathematical induction there exists γ 1 such that sh − (γ 1 ) ∈ Com m (B N −1 ) and ∂γ 1 = ξ 1 . The second equation from (3) yields
. Hence, by the assumption of mathematical induction there exists γ 2 such that sh − (γ 2 ) ∈ Com m+1 (B N −1 ) and
and therefore, Ker
Corollary 2.2 Let n > 0 be an integer. Then
Proof. Theorem 2.1 implies
has the only complex with zero boundary and it is S n . Hence,
We will say that an n-dimensional complex K has homology of the n-ball (the n-sphere), if
Stellar manifolds
A stellar n-ball is a uniform n-dimensional complex stellar equivalent to B n = (1, 2, . . . , n + 1). A stellar n-sphere is a uniform n-dimensional complex stellar equivalent to S n = ∂B n+1 .
Here we present some important properties of stellar manifolds. 
and
(ii) If ∂M = 0 and M has homology of the n-sphere, then, for any vertex i in M , Q(i, M ) has homology of the n-ball.
Proof. Statement (i). Consider an arbitrary vertex j of Q(i, M ). Then
Since M is a stellar manifold and ∂M = 0
is a stellar sphere. Hence, it follows from [9] that lk(j, Q(i, M )) is either a stellar ball or a stellar sphere.
, and H r−1 (M ) = 0 for 1 < r ≤ n there exists ν ∈ Com r (M ) such that ∂ν = ξ and
where ν 1 ∈ Com r−1 (lk(i, M )) and ν 2 ∈ Com r (Q(i, M )). It follows from ∂ν = ξ that ∂ν 1 = 0 and ν 1 + ∂ν 2 = ξ. Since lk(i, M ) is a stellar sphere there exists α ∈ Com r (lk(i, M )) such that ∂α = ν 1 . On the other hand, it follows from
To show H 0 (Q(i, M )) = Z 2 consider any two vertices k and l from Q(i, M ). They belong to the same homology class in H 0 (M ). Therefore, there exists a complex c ∈ Com 1 (M ) such that ∂c = (k) + (l) and
Thus, c 1 +∂c 2 = (k)+(l) and there exists a ∈ Com 1 (lk(i, M )) such that ∂a = c 1 .
Hence, any two vertices k and l belong to the same homology class in Q(i, M ). That leads us to
The proof of Statement (ii) is completed. Q.E.D.
In conclusion to this subsection we prove that stellar equivalent manifolds have the same homology groups. 
Proof. If M is stellar equivalent to N then there exists a finite sequence of stellar moves that transforms M into N. Thus, we need to show that each of the stellar moves preserves homology groups. For enumeration change it is evident. Weld is an inverse operation for a stellar subdivision. Thus, we need only to prove that a stellar subdivision preserves homology groups,
where A is a simplex of M and a / ∈ M. We conduct the proof by mathematical induction with respect to the dimension of M. (7) is evidently true for a 1-dimensional stellar manifold M. Assume that (7) is valid for stellar manifolds that have dimension less than n. We need to show that (7) remains true for n-dimensional stellar manifolds. Let M be a a stellar n-dimensional manifold. Consider a homomorphism
where [ξ] is a homology class of ξ ∈ Ker r ∂ (M ). Let us show that it is a monomorphism. For r = n and r = 0 it is evident. Consider 0 < r < n. If Since ∂ν = ξ and a / ∈ ξ we have ∂µ 1 = 0. lk(a, (a, A)M ) is either a stellar (n − 1)-ball or a stellar (n − 1)-sphere. By the assumption of mathematical induction H r (lk(a, (a, A)M )) = 0 for 0 < r < n. Hence, there exists
such that ∂β = µ 1 . Thus, ∂(β + µ 2 ) = ξ and β + µ 2 ∈ Com r+1 (M ). That proves [ξ ] = 0 as a homology class of H r (M ). Thus, ψ is a monomorphism and we can write
It is evident that
for r = 0 and r = n.
To prove it for 0 < r < n consider a homomorphism where ξ = a ⋆ ∂µ + µ, β ∈ Com r (M ) and ∂β = ∂µ. Such β exists because by the assumption of mathematical induction lk(a, (a, A)M ) has either homology of (n − 1)-ball or homology of (n − 1)-sphere. By construction ϕ is a monomorphism. Thus, we have
and (8) leads us to
The proof is completed. Q.E.D.
Regular collapsing
The concept of regular collapsing is based on the following theorem. 
Theorem 2.6 If g is a generator of ∂L and lk
(v(g), L) is a stellar sphere, then L ց (L \ v(g) ⋆ g).
Proof.
We conduct the proof by mathematical induction with respect to the dimension of L. If dim(L) = 1, then the statement is true. Let us assume that the assertion is valid for dim(L) < n. We need to prove it for dim(L) = n.
Let g be a generator of ∂L such that
To prove that L \ v(g) ⋆ g is a stellar manifold we need to establish that for
) is a stellar (n − 1)-sphere and it is proved in [9] , [3] , [4] 
, lk(a, L) is a stellar (n − 1)-ball and v(g) is an internal vertex of this ball, i.e., v(g) ∈ lk(a, L) and lk(v(g), lk(a, L)) is a (n − 2)-stellar sphere. By the assumption of mathematical induction lk(a, (g \ a) ). Thus, for any vertex a ∈ g we proved that lk(a, L \ v(g) ⋆ g) is a (n − 1)-stellar ball. Hence, L \ v(g) ⋆ g is a stellar manifold and the assertion of the theorem follows from Theorem 2.5. Q.E.D.
In the sequel we need the following important corollary of Theorem 2.6. It follows from the definition that if M is a simply connected stellar manifold and M ց L then L is also simply connected.
Proof of the Poincaré conjecture for stellar manifolds
In order to clarify the main idea of our proof we first prove analogues of Poincaré statement for 1 and 2-dimensional stellar manifolds.
is stellar equivalent to 1-sphere, i.e.,
Proof. Let us choose an arbitrary vertex a of M,
Then ∂Q(a, M ) = lk(a, M ) and Corollary 2.7 implies that
and after enumeration change we obtain (9). Q.E.D.
The main idea of this proof is illustrated by Fig. 1 . To formulate analog of the Poincaré statement for 2-dimensional stellar manifolds we need to introduce a concept of orientation. A set of uniform n-dimensional complexes defines a group with integer coefficients. Elements of this group have the form
where {a i1 ... in+1 } are integers. The boundary operator on a simplex is defined as follows
and then linearly extended to all other complexes.
Definition 11 (Orientation) A stellar manifold M = i g i is called orientable if one can find a mapping (called orientation)
Regular collapsing The 2-dimensional analog of the Poincaré statement is presented by the following theorem.
is stellar equivalent to 2-sphere, i.e.
M ∼ ∂(1 2 3 4).
Proof. We conduct the proof by mathematical induction with respect to the number of generators in
∂(1 2 3 4) is the stellar 2-dimensional manifold with the minimal number of generators for which condition (10) is met. The assertion is evidently true for this manifold. Assume the statement is valid for manifolds with number of generators less than n. We need to prove that it is also true for manifolds with n generators.
Consider a stellar 2-dimensional manifold with n generators,
Let us fix some orientation
If a is an arbitrary vertex of M, then
Since H 2 (M ) = Z 2 we have ∂M = 0, and therefore ∂Q(a, M ) = lk(a, M ). It follows from Corollary 2.7 that there exists a stellar manifold L such that either
and a ⋆ ∂L + L has less generators than n. Hence, by the assumption of mathematical induction a ⋆ ∂L + L ∼ ∂ (1 2 3 4) and the assertion of our theorem follows. Now consider the situation when L = Q(a, M ). For any generator p of ∂Q(a, M ) = lk(a, M ) there exists the only vertex v(p) ∈ lk(a, M ) such that v(p) ⋆ p is a generator of Q(a, M ). The orientation of M induces the corresponding orientations on Q(a, M ) and lk(a, M ). Besides, the orientation of lk(a, M ) should match the orientation of Q(a, M ). lk(a, M ) is a stellar 1-sphere. Without loss of generality, we can enumerate vertices of lk(a, M ) (Fig. 2) such that following the orientation we move from vertex (1) to (2), then from (2) to (3), etc., and finally from N into (1) , where N is the number of vertices in lk(a, M ). Consider two sequential simplexes (i 1 i 2 ) and (i 2 i 3 ) from lk(a, M ) (Fig. 3) . We write v(i 2 i 3 ) ≤ v(i 1 i 2 ) if one can move from v(i 2 i 3 ) into v(i 1 i 2 ) obeying the orientation of lk(a, M ) and not visiting any of the vertices i 1 , i 2 , i 3 . The orientation of lk(a, M ) should match the orientation of Q(a, M ). Hence, unless v(i 1 i 2 ) = i 3 we have v(i 2 i 3 ) ≤ v(i 1 i 2 ) for any three sequential vertices in lk(a, M ) (Fig. 3) .
That implies the existence of three sequential vertices and by the assumption of mathematical induction a ⋆ ∂K + K ∼ ∂ (1 2 3 4) . Hence, M ∼ ∂ (1 2 3 4 ) and the proof is completed. Q.E.D.
The statement of Theorem 3.2 follows from the well-known classification of compact surfaces (see e.g. [8] ). We presented it here solely for the purpose of illustration of our main approach that will be employed to prove the central result of this paper, the Poincaré conjecture. Looking at Theorem 3.2 one might suggest that it follows from
that M is stellar equivalent to the 3-sphere. However, as shown by Poincaré himself it is not true (see e.g. [7] , [13] ). In fact the following statement is valid. Proof. We conduct the proof by mathematical induction with respect to the number of generators in M. ∂(1 2 3 4 5) is the stellar 3-dimensional manifold with the minimal number of generators for which the statement is evidently true.
Assume that the theorem is valid for stellar manifolds having less than n generators. Our goal is to prove it for a stellar manifold M with n generators, We need to consider the following two possibilities:
(i) There exists a generator q from lk(b, Q(a, M )) such that ∂(b ⋆ q) and ∂Q(a, M ) have at least two common 2-dimensional simplexes.
(ii) For any generator q from lk(b, Q(a, M )) the complexes ∂(b⋆q) and ∂Q(a, M ) can not have more than one common 2-dimensional simplex.
Case (i) admits the following possibilities depicted in (Fig. 4, 5, 6 ). Consider first possibility when there exists a generator ( (Fig. 4, 5) .
If the face (i 1 i 2 i 3 ) belongs to lk(a, M ) = ∂Q(a, M ) (Fig. 5) then Theorem 2.5 yields
. Then M ∼ a ⋆ ∂K + K and a ⋆ ∂K + K has less generators than M. Hence, by the assumption of mathematical induction a ⋆ ∂K + K ∼ ∂(1 2 3 4 5) and the proof is completed.
If the face (i 1 i 2 i 3 ) does not belong to lk(a, M ) = ∂Q(a, M ) ( Consider the case when lk((i 1 i 3 ), Q(a, M )) is a stellar 1-ball. Hence, (i 1 i 2 i 3 ) cuts Q(a, M ) into two simply connected stellar manifolds P 1 and P 2 such that Q(a, M ) = P 1 ∪ P 2 and
On the other hand, P 1 has less generators than Q(a, M ). Hence, it follows from the assumption of mathematical induction that a ⋆ ∂P 1 + P 1 is a stellar sphere, and therefore, P 1 is a stellar ball (see, e.g., [9] , [3] , [4] ). Thus, by Theorem 2.5 Q(a, M ) ∼ P 2 , and therefore, M = a ⋆ lk(a, M ) + Q(a, M ) ∼ a ⋆ ∂P 2 + P 2 . where {Q j } j=k j=1 are equivalence classes, i.e, each Q j is defined by generators from Q(a, M ) \ (b ⋆ lk(b, Q(a, M )) that are equivalent to each other. Moreover, for j = i, there are no generators p ∈ Q j and q ∈ Q i such that p ≃ q.
By construction ∂Q j is a two dimensional finite orientable stellar manifold for any j = 1, 2, . . . , k. There is a complete classification of such manifolds (see e.g. [8] ). It is well-known that one can represent ∂Q j as the sum of 2-dimensional stellar spheres, The proof is completed. Q.E.D.
